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1 The General Formalism

,_[ Assumps. 1 }

bosonic SPT phase: bulk T GS 4% unique gapped, SRE

bulk OXFFFELE unitary 52 on-site

bulk gap & D/NE VT FILF —IZ cut off Z A#17z low-energy Hilbert space (unitary on-site
symmetry 1 boundary JTfiZ D AIER)

boundary symmetry i& local (beyond cohomological classification T3 5 %)

1.1 (1+1)-D SPT's

X G D on-site 2> non-anomalous 2RI U(g) 5 1+1D RIIEAT 2 2 T 5,.H

1D system @ boundary & points a,b TH 3, U(g) = U|sr(g) % boundary a,b IZfEMT 28 G DEB
835, VAT LAV A X THREL UL a,b WIEMHIIHER T 5725 5: U(g) = Uy(g) @ Up(g). Z
DU (g) # U(g) D a~OHIREEZ 2, ZDHIRIX up to phase factor T—ERICERIN3: U,(g) —

*1 on-site 13RE. L anomalous ZEHZFHFT &, EERESERET 20T SPT HTIZ%L %5,



B(9)Ua(9), Us(g) — B(g) " Us(g) w/ U(1) valued B(g). T D78 U,(g) \d4HHEHICH S,
Ua(9)Ua(h) = w(g, h)Ua(gh)

associativity & b
w(g, h)w(gh, k) = w(g, hk)w(h, k)

T wld 2-cocycle TH 2, EHIZU,(g) 1& g IZHKFFET % phase factor 2% & LTERZINTVEIDT,
w(g,h) ~ B(gh)B(g) "' B(h)w(g, h)

Z OBfR%E 723 2-cocycle 1 H2(G,U(1)) IZJ&F % cohomology, 'SPT MU «—= MU H?(G,U(1))
W& % 2-cocycle 2§D DAEIATE 2D T, 1+1D SPT #Hid H(G,U(1)) THEE N,

1.2 (2+1)-D SPT’s
L1 SPT OIECRIERE A . bulk 12351 2 MFHEDBIVEI U,, Un (g, h € G) 12 & D

Ug Uh (Hbulk oy Hboundary) = Hbulk oy Ug Uthoundary
= Ugh (Hbulk 02y 7'lboundary) = Hpulk ® Uthboundary

Y73 Z 2 RQHHIZ, boundary TIRBAIMERIACKR 2 Z L 2 EFET %,

(141)-D mfd. @ 1 KIeHE5t C 12 symmetry U(g) 2EFH L. £z C D subregion M C C (IZHlR 3 %,
M Z—ucE RO % 1 KTZhk,

ZZTM CCADlocal unitary U DHlREEFET %,

Def. 1: local unitary U DQEB5ZHRIEANDHIRE ]

FEIN M WZHER $ % local unitary Upy 28 U @ M ~NDHFIR <= Uy & boundary OM 72 557 BfEdL
7= interior TU R UIERA%Z T %,

o EE D local unitary 12Xt L M ~NDOHIRNTEET 3
o OM IZVEf§ % local unitary D HHEZBRWTERINS

2FHDOEMIE (1+1)D D & %= edge IKMNHBHENE 72 D—RILTH B, 405 Upy(g) 1 G DF
HTH o T, OM EFEIZ nontrivial IZ/EA S % local unitary wgy - T

Uni(9)Uni (h) = Qori (g, h)Uni(gh) (L.1)

EEIT D, Qoy FHEALEK C BT Z2RHETEAEL RV, 20U C PERTTOZREDER DT
boundary Z#7R WO TH %,

P L TAdRILERER LEDO2=2YVEREL U(g) Dn¥i%E (d— 1) RITZHRIED local unitary obstruction
W(g1,ge) DATEANLEL T IEDNTE, ZOXIRRTEREZEDRL T, BREMIIZ ORTTETHLE T
ZE TGz g %o

(241)D SPT 0. %7 2 RTELHAEOERE 1 KTERDT. Qgr, g2) 1&Z D a,b 1M T 3.
(M) & & % IZ associativity & D

Qonr (91, 92)Qaar (9192, 93) =V9Y) Qanr (g2, 93)Q0n (91, 9293) (1.2)



w/ conjugation notation *y := xyx~t. B S 2 M HOHIRE LTOM = {a,b} 25 a NOHlRE 5 2 5,
HIBR Qonr(g91,92) — Qa(g1,92) & up to U(1) phase TE®D 5415 DT, Q, & () [FHED associativity &

Qalg1,92) (9192, 93) = w(g1, 92, 93) " 900 (g2, 93) 2 (91, 9293) (1.3)
DTz, ZDX SR wid 3-cocycle condition
w(g1, 92, 93)w (9192, 93, 94) " w(g1, 9293, 9a)w(g1, g2, 9394)w (g2, g3, 9a) = 1
72T,

Prf.

w B 3-cocycle TH 3 Z &R TITE. Qulg1,92)2 (9192, 93)2 (919293, 94) % 23EH TRHET %,
FF. Q& QTR TV S 2 5T support ZFEFODTRILT %, ie. a fEIC support D

X, THRLT
Qa(91,g2)Xa Q.02 (91,92) X, _Qonm(91,92) X,. (14)

w(glag2793> € U(l) %//_'SETE&:\

Q0 (91, 92)Qa (9192, 93)2a (919293, 9a)
= Qa(g1, 92) X w(g192, 93, 94) U992 (93, 94) (9192, 9394)
= w(g192, g3, ga) Pe91:92)00(9292)Q (g5, 94)Q0 (g1, 92) Q0 (9192, 9394)
(9192, g3, ga) P01 90920919200 (g3, 94) (91, 92)Qa (9192, 9394)
= w(9192, 93, 94) U 9IVM92)Q (g5, 4)Q (91, 92)Q (9192, 9394)
= w(g192, 93, 9a) VMU0 (g3, ga)w (91, 92, 9394) 7 9 Qa(g2, 9394) (91, 929394)
N a0 ¥ | [

= w

Qa(91,92)0a (9192, 93)2a (919293, 9a)

= w(91’92’93)UM(91)Q (92,93)Q0(91, 9293)2a (919293, 9a)

= w(g1, 92, 93) "9 (g2, 93)w0 (91, 9293, 92) " 9 Q4 (9293, 94) (91, 929394)

= w(g1, 92, 93)w(1, 9293, 92) Y 9 (U (92, 93)Qa (9293 94))Qa (91, 929394)

= w(g1, 92, 93)w(g1, 9293, 94) " 9V |:W(92vg3a94)UM(92)Qa(937 92)a(92, 9394)| 91, 929394)

= w(g1, 92, 93)w(g1, 9293, 94)w (g2, g3, ga) "M IV 92)Q, (g5, 94) V9D, (92, 9394)Qa (91, 929394)
DLk

w(g192, 93, 94)w (g1, 92, 9394) = w(g1, 92, 93)w (g1, 9293, 94)w (92, 93, ga)-

E BT Qu(g, g') 1& up to phase factor B(g,g') TEE > T3 DT,

w(g1,92,93) ~ w(g1,92,93)B(g1. 92)8(9192, 93)B(92, 93)~ B(g1, 9293) " (1.5)

*2

Unr(91)Uns(92)Uns(93) = Qone (91, 92)Unr (9192)Unr (93) = Qo (91, 92)Qans (9192, 93)Uns (919293)

= Unr(91)Q011 (92, 93)Unt (9293) =V 90 Qoar(g1, 9293)Uni (919293)



ZR—H L2007 570,

7;14\0

Prf.

HlBR U(g) — Un(g) DZHEIX up to equivalence T 3-cocycle &% 5 2

e Unl(g)
° f]M(g) =

WHBET %,

@D Qa]y[ X

R s
Qon(g,h) = Qalg, h)

3-cocycle

eie(fh

CEERZIT B,

&7 50DT, (A

LT

Zd, T2
Qa(glvg )
= Qa(g )
= Y01 )UM
= Za(gl)U
= Ea(gl)UM
= Za(gl)UM

UDMADHIRE LT

2(9)Un(g) w/ local unitary ¥(g) acting near OM = {a, b}

= W' (g1, 92, 93) M9 (19293, (o, g3)) €™ 91929002 (g1, gags)

w’({h,gz, g3) = 010(91,92) ,10(g192,93) ,—0(9g2,93) , —10(g1,9293)

) 12T Blgr, g2) = €09092) x Lizdb DL~ T2, 2T Qonr — Q, OHlRE

Yu(9) & E(g) D a NOHIBTH 2. Zhick->T,

Uni(9)Uni(h) = Qone (g, h)Uni(gh)

Qont(g.h) = S(g)" 9 S(h)Qonr (g, h)E(gh) ™!

w @ equivalence class i, up t U(1) phase TE®D S35 Qyp DR
or — 9P (g, h) ITHIE LW (E3) 13 2 DHIROED B 2T

7g2)ei3(9192a93)9a(gl,gg)Qa(gng7 93)

Qu(9,9) = Za(9)" D%, (¢") (9, ') Ealgg)) " (1.6)

a(9192, 93)2a(919293)
a(9192) 191953, (93) (9192, 93)
( 2)Qa(g1,92) 7 9195 (93)04 (9192, 93)
)2el91:92)Un (9192) 3 (g3)Q4 (g1, g2) (9192, 95)
)on92) U (919253 (g3)00 (g1, 92)Qa (9192, 93)
S gg)UWI D925, (93) 2 (91, 92) (9192, 95)

g1)

al9g2




F7/-—HT

Us (990, (g, 93)Qa (91, 9293) Sa(919293)
=009 Q) (g2, 95)Qa (91, 9293) Sa(919293)

= 3,(91)" 90, (g2, 3)2a(91) 1 Qa(91, 9293)Za(g19293) . (C3A)
=% (91)" 90, (g9, 93) V9%, (9293) Q0 (g1, 9293) .- ()

=%, (gp) P (90) {Qa(gm gg)Za(gzgg)] Qa(91,9293)

=%, (gp)Vn(90) [Ea(QQ)UM(gz)za(QS)Qa(g%93)} Qa(g1,9293) - (D)

= B (g1) M), (go) V(90U (925 (g3) UM (90, (g5, g3)Qa (g1, 9293)
= 2, (g1) VM5, (go) VM 90)UM (92) 5 (g5)UM(91)Q, (g, g3)
X w(g1,92,93)(91, 92)Q0 (9192, g3) - ()

M B LT,
Um(91)Q), (g2, 93) Q0 (91, 9293) = w(g1, 92, 93) (91, 92)Qa (9192, 93) (1.7)

—77C w & by definition T, (C2) i2T Omega, — U, Uyr — Uy £ L7 D272 FT DT, w D
equivalence class 1 Uy ZHUS 2> Upy 2 ELS HITHRTE L7,

a

Uni(9)Unr (R) = S(9)Unt (9)S(h)Uns (h) = £(g)VM D S(R)Uns (9)Uns ()
= 2(g) "™ D D(h) Qa1 (9, h)

®¥4(g) & up to U(1) phase TED SN 3,

J

L2b, ZD X7 3-cocycle 1% by definition T H3(G,U(1)) IZJ&F % cohomology TIN5, DLk
. 241D SPT #flik H3(G, U(1)) THIEXNS = £ ibio T,
1.3 Higher dimensions

WEERICET 3IRE 24 d ZITITB VT, d — 1 KT closed space Cy D ET a(z) Tk D 7 ~ULFHT &
NRE TR SN 3 Hilbert sp. span{|a)} 252 %,

,_[ Assumps. 2: ZE } |

d RITDEERDONFME G B Z D EIWEA L TU RO TEIIZ Z e 2RET %,

s.t.

1. S(g) 3D on-site part T,




CYEHT %, 7272 L a — ga & classical label ao \® on-site action.
2. [Al UEJE T non-on-site part N(g) i diagonal i

N(g) =Y N0l o) (of

(e

BT %, 72721 N(g) & configuration o & EEBANEFTEBRT, N(g) 23 local 12725 & 5
2. DWTIE U(g) 78 local unitary 1272 % & 512, NV (g) 14 local TH 3 Z & 2 EH#ET 5,

Ulg) B FRTH 2 L 2 BT 52, Ulg)U(h) = U(gh) 13
SN D (g2) + ND(g1) = ND(g1ga) =0 (mod 2r) (1.9)
Biire T, 7272 LINEEAOBER%E (9F[a] = Flg'a]) & L7z

Bnon-on-site part @ reduction X T, d— 1 XITD closed space C; D open KR53 FHR My 12 U(g) ZHIFES
3. S(g) & onsite oD T, N(g) ZHIRT 2 2 iz & 4w, HIRSALRER N (9) & (T9)

IZ boundary DF G234 - 7=
g N3 (g2) + N (g1)

ZilizzF. 22T NP (g1, 92) 13 OM, EFED o DIEIZD AT 2 NEKTH %,
reduction Z# DB TICH7z-> T, kHDOETIC L DIFEZNBREB NG % k4 1 HOBITIC L DIEE
XN B BRI N FHD 12885 coboundary operator 8y

GRNF) (g1, gig) = glN“”(gQ, k) F (RPN gy gy

+Z DN® (g, gigict, - Grr)

RERT DRV, EBE SN 1 (C9) £H1—8F %, coboudary operator (% chain complex D 4&ff
5k+1 0, =0 &3 2 8 ITHER,

Mreduction process M BRI  Z24M d KITZRRIKICIER § 2 M # M D reduction process K3 %,
closed d — k RITZHIK Cp, 52 %, EBIHD R T v 7 Tlk,

L BEEE k EIEET 5 2 LT Cp LOBBEFEBANET & 5 BB set N THo T, 50
SGNF) =0 Zifi7zTHOPHEINATVS

2. LB N(]Z) % open submanifold My C Cy IZHIBR L 7 ./\N/](VI;Z T %

3. NETD = N & d — k — 1 RIFESBEIK Chpy = OMy, LORBERICT > T 2E

Cri1

25 LTHERR L7 NV, ’““) & 100, = 025 SN ‘““ =0 27T, CORER w =N =
SaNG) FTID BT, widd+ 1 OB X i B 0 IO Cq Lo U) ERBE T b b E
BTHoT, dgriw =0%207zF, ZHUTEZXL L U(1) d+ 1-cocycle DEFRIMIR & 720, HIFRDHD 75

DIEEMDH 2 DT, wlid
w~w+6d+1)\ (110)

3 My WHTIE NS v Nif) #5807 2 2 LIk



DIEEML D2, 2212 X G 5 U(1). cocycle 12 (CIM) # AhZ=dDREEarER Y —
HAFYG,UN)) IKET %, 25 L TSPT I HITYG,U(1)) THEINZ Z e b oiz,

Manit-unitary ZZTIHE  KIRIC anti-unitary ZRFMEICED 2552 E X 2. (8) ZRPMBIEL Tk
fbgiud., Lo izt ALHR %, (IB) ofbhic

Ulg) = N(g)S(g) K"
£33, 2K IFEZEHEE n(g) 13 GDLg % {0,1} ITMRI L. g B2=%& V7R 5I1F 0. anti-unitary
BB 1 EET. G ONFERADERE ¢Fla] = (—<1)"@Flg-la] £ 55 L. FEOERMEL ALY 20
FEMZ 2, 72720 G O anti-unitary 276 U(l) WEEREOMERAE5I SR I T, 2hxBiE 2981

HFYG,U(1)) Tfiba. 20 U(1) i anti-unitary 77 R B KL TIEM $ % non-trivial G-module &
7“;50

2 Non-Linear Sigma Model
SO(3) @ (2+1)D nontrivial SPT & continuous nonlinear ¢ model (NLoM) Tilib&E 3, [CGLWTS]

WZ X% action W22 D =d+ 1 XLERELTERS N D+ 1 D BARZ M n @ NLeM O

Euclidean action &
gbulk _ Sg;rllk | gbulk

topo
1
Spos = E/d% oum - Mn (2.1)
Stas =107~ [ () (22)

TH>3, T2 Vp id unit D-sphere DEFE, wy & unit D-sphere @ volume form. n*(wy) &% D
n:RP - SP X35/ ERLTH %, theta term & 7p(SP) = Z 121l % B %" generalized winding
number” % detect L, Z4U3 topological FERTH %, FFZEZ boundary 2372 W0EE SPI 13 i© DEERL
512725, 22T O % 21 OBBAHITINS & & T bulk THIHZ SPTHICR> T2 Z e 2%HET 2.8 R
bR S ANBWEE SPUE IS & o Tt E N B 7z, MIT Ok Tl SHuk 3R TH %,

SPulk 13 bulk T Z % contribution % 5 X 228, ZERD edge TWRIFHPERFSE2d 20T, ZOHE.

topo

Stk 13 edge 1281 2 m D AHKTF L. boundary IZB1) % action & Wess-Zumino-Witten (WZW) action
Swzw Titih &N 3, ZD7=% gapped bulk ® HH/E % intergate out L T boundary I8} 2K L ¥ —
A RN P

exp(—Sedge) = exp(—Sgiie — Swzw)

HEF B, TTIT SR SR A SEL B DT, HEDEETRR,

BWZW action DZE#E  XFE G D bulk NOEH n — gn & % 5,

* ZOEFT LD SPUk 13 EIBIEL [ DinleS 1T contribution %5 2 R\,

topo



,_[ Assumps. 3 }
® Siopo, SHUK T L HITHFRMET local ICRZE, THbSH (), (E2) IZHHETEED g 12& 5

dyn
AQA
. ng,rgle % local IZFZE

o BTt L7 Hilbert space [¥FKZIT n OEAIC I D IRV EINHEETRON S

Swzw & global 11& (mod 27 T) RELH, —#HIC local ITIEARZE L IFRR & 70 H
Z D Swzw D local I & o T, WFMEDRELDS non-on-site 12723 Z & #RT, BREHEZ

(n/| e PH |n) = /D[n(,r)]e,sedgeoﬁ

571240, 6} / av-: / Ar(C5 ()] + Lww (7))
n. n(g) =

THETE 2%, EHAZFHET 2 28KE 7 = 0, 8 1T boundary Z#2FZETH %, boundary 25 3 ZHEIKD

T Swzw 1
Swzwi0; B} — gSwzw{0; 5}

YEWT B, BHETR O 2 IR O boundary (I LT 55133 DT,
9Swzwi0; B} — Swzw{0; B} = iN(g)[n(B)] — iN (g)[n(0)] (mod 27).

ZDOB%RD 5. edge Hamiltonian ¥ naive 7% on-site DZH S(g) = [ D[n] [gn)(n| TREL B LRNI L
Wb b, K,

('] S(9) e P S (g) Im) = (gn’| M |gm)
:/D[n(']‘)]e_Sedge{ovﬁ}[giln]
/D SEdge{Oﬁ}["]eiN(g)[ﬂ(ﬁ)]—iN(g)["(O)]
— N(@n']-iN(g)[n] (n'| e M |n)
— (/| N(g)e " N(g)' |n)
w/
)= / Dln)eN O njin)

¥ 212 Hamiltonian ¥ AJ#EZMFRMED R U(g) = N(9)S(g9) TH 2 Z &b o7z, N(g) ' on-site T
HBHHALIE WD RV, DBITH S X 51 local TRIFIUIR SRV, TAUFE X L L Sec. 3 DIGEIR
#ﬁ\j—éo

Mati-unitary Z3EHE  MFEIC anti-unitary RIBEDE EN 258 D straightforwad iR T E %,
action NOIEF% n — gn, i — (—1)"9i, U(g) = N(9)S(g)K™9) ¥ 3,

*5 Swzw (& canonical RIEERIEDIELE L 72V,



2.1 Calculating tge cocycle in nonlinear sigma models using U(1) cochains on the target
manifold

NLoM O cocycle Z#1#H 3 %121%. theta term % target manifold 7' = S” E® U(1) cochain & L TR
ERI2LNEARN

,_[ Def. 2: coboundary operator for cochains }

f£EE D k-cochain w ¥ k + 1-chain A OREIZ
(d)(4) = w(@4)

%45 % % d % coboundary operator £\9,
F 7= k-cochain w 23 % k — 1-cochain k ZFWVWT w =drk EET 2. w X exact THDZ LW,

r—| Lem. 4 } <

T 1 U(1) k-cochain w 2% exact TdH 3 7= DRLEA7T5RMZ, BRDILNMER D closed k + 1-chain
CUIHLTw(C) =0 THBLTH A,

Prf. ]

closed C T w(C) = 0 & RB%EMIEE, F, DMEED closed M ETOWRARBZZLLFAMETD 3,
M —" s n(M)eT=5P
iﬂ, CADWLT B, BRI M T Fn] 13 OM 2B 5 n

U(1)
DEICDOAMEIFT 2 L HFRFTX 5, Ewd exact Tw=dr EEFITER 5,

Fyln] = w(n(M)) = (dr)(n(M)) = £(n(0M)) = Fg[n(0M)]

Y5, M EDERD S, theta term 5> 5 edge symmetry ZEEH L, X 512 edge symmetry 7° 5
cocycle Z 31T, target manifold ETEFR S N7z U(1) cochains w, k, ete. ZFARIURNNZ 23D 5,

{98k A  Explicit construction of the edge theory

by definition T, SPT DFEECIREEIX gapped %> not topologically ordered. § 7245 ERIRAEIZ local
unitary TEIF2 Z L 8T E 2, HRO % bulk OREEIRRE |U,,) 2 BERIRE [6)°Y 0BT local unitary
Dt L. BAMNEHEEAD D OflFR% D £ 3%, boundary f % DEE DKL 3L ¥ —IREE [T) 13,
boundary %6140 T |W,,) ¥ —HLTW3I1EF, T74bB D|U) i boundary D3 < T |¢)*N 12—
T3, WAIZ, D|¥) & boundary SEFHEOHARTER B IS TREE |[0) 2 ¥ b, ZhLSOHEK B Tl |¢) D&

i |P) . ZE 2ERIKETH 2, )
D¥) =|T)5 QD)4 (8% A1)

XoT{|¥)g:|¥) alow-energy boundary state} i (d — 1) X7t boundary theory ZHL 3 %,



bulk OFEEIRAEDXFRED on-site representation U(g) THRETH % T %, D& Z ORFE L BFRHD
WTWRWOT, ED XS IMEAT 220 A, LA L boundary MATIE D & U(g) 1EAM#E 2 WHRE
ZiE < LAEEDH I/ %, cohomological classification T SPT M%7 %3 3 [CGIWIIZ] & &, ZDRE
FEIC T E b,

ZORED D & T, boundary I THFMMEDRIALE explicit iIZh1F %,

1. boundary D EFEIHEADSIR D, U OAHEEFE  boundary 237\ Z12 [U(g), D] = 0 72D T boundary 23
% ¥ %% up to boundary terms THIR U(g), D 234, L7225 T DU(g)DF = Wr(g9)Up-(9),
where Wg(g) 1 boundary 3§ BIZOAEA L. Up:(g9) 1& U(g) D B ~OflFR,

2. THH Wr(g) DHIILAFENBZ L DU(9) ) = (Wa(g) |¥) 5)@|P) 5. &EF 2, F (FEAD)
Y g3 uE, We X boundary (2B 2 W\FEDORFICK > TW 3,

SE Xk

[CGLW13] Xie Chen, Zheng-Cheng Gu, Zheng-Xin Liu, and Xiao-Gang Wen, Symmetry protected topo-
logical orders and the group cohomology of their symmetry group, Phys. Rev. B 87 (2013),
no. 15, 155114.

[EN14] Dominic V. Else and Chetan Nayak, Classifying symmetry-protected topological phases
through the anomalous action of the symmetry on the edge, Physical Review B 90 (2014),
no. 23, 235137.

*6 1) go 2 Upe(g) DD L THRERDT,
D(U(9g) |¥)) = DU(9)D'D |¥)
=Wg(9)Us(9)(I¥) 5 ® [®) ge)
= (Wgs(9)1¥) ) ® (Up(9) |®) ge)
=Wa(9) |¥)p) ®|®) ge

10



	The General Formalism
	(1+1)-D SPT's
	(2+1)-D SPT's
	Higher dimensions

	Non-Linear Sigma Model
	Calculating tge cocycle in nonlinear sigma models using U(1) cochains on the target manifold

	Explicit construction of the edge theory

